MPP-2003-139 
LMU-TPW 07/03 



Nonabelian Bundle Gerbes, their Differential 
Geometry and Gauge Theory 



Paolo Aschieri, 1 ' 2,3 ' Luigi Cantini 4,5 6 and Branislav Jurco 

1 Dipartimento di Scienze e Tecnologie Avanzate 
Universita del Piemonte Orientale, and INFN 
Corso Borsalino 54, 1-15100, Alessandria, Italy 

2 Max-Planck-Institut fur Physik 
Fohringer Ring 6, D-80805 Miinchen 

3 Sektion Physik, Universitat Miinchen 
Theresienstr. 37, D-80333 Miinchen 

4 Scuola Normale Superiore 
Piazza dei Cavalieri 7, 56126 Pisa & INFN sezione di Pisa 

5 Department of Physics 
Queen Mary, University of London 
Mile End Road, London El 4NS 



Abstract 

Bundle gerbes are a higher version of line bundles, we present nonabelian bundle gerbes 
as a higher version of principal bundles. Connection, curving, curvature and gauge trans- 
formations are studied both in a global coordinate independent formalism and in local 
coordinates. These are the gauge fields needed for the construction of Yang-Mills theories 
with 2-form gauge potential. 



a e-mail address: aschieri@theorie.physik.uni-muenchen.de 

6 e-mail address: l.cantini@qmul.ac.uk 

c e-mail address: jurco@theorie.physik.uni-muenchen.de 



1 



1. Introduction 

Fibre bundles, besides being a central subject in geometry and topology, provide the 
mathematical framework for describing global aspects of Yang-Mills theories. Higher 
abelian gauge theories, i.e. gauge theories with abelian 2-form gauge potential appear 
naturally in string theory and field theory, and here too we have a corresponding math- 
ematical structure, that of abelian gerbe (in algebraic geometry) and of abelian bundle 
gerbe (in differential geometry). Thus abelian bundle gerbes are a higher version of line 
bundles. Complex line bundles are geometric realizations of the integral 2nd cohomology 
classes H 2 (M,Z) on a manifold, i.e. the first Chern classes (whose de Rham representa- 
tive is the field strength). Similarly, abelian (bundle) gerbes are the next level in realizing 
integral cohomology classes on a manifold, they are geometric realizations of the 3rd co- 
homology classes H 3 (M, Z). Thus the curvature 3- form of a 2-form gauge potential is the 
de Rham representative of a class in H 3 (M, Z). This class is called the Dixmier-Douady 
class [1],[2]; it topologically characterizes the abelian bundle gerbe in the same way that 
the first Chern class characterizes complex line bundles. 

One way of thinking about abelian gerbes is in terms of their local transition functions 
[3], [4]. Local "transition functions" of an abelian gerbe are complex line bundles on double 
overlaps of open sets satisfying cocycle conditions for tensor products over quadruple 
overlaps of open sets. The nice notion of abelian bundle gerbe [5] is related to this picture. 
Abelian gerbes and bundle gerbes can be equipped with additional structures, that of 
connection 1-form and of curving (the 2-form gauge potential), and that of (bundle) gerbe 
modules (with or without connection and curving ). Their holonomy can be introduced 
and studied [3] , [4] , [6] , [7] , [8] , [9] . The equivalence class of an abelian gerbe with connection 
and curving is the Deligne class on the base manifold. The top part of the Deligne class 
is the class of the curvature, the Diximier-Douady class. 

Abelian gerbes arise in a natural way in quantum field theory [10], [11], [12], where 
their appearance is due to the fact that one has to deal with abelian extensions of the 
group of gauge transformations; this is related to chiral anomalies. Gerbes and gerbe 
modules appear also very naturally in TQFT [13], in the WZW model [14] and in the 
description of D-brane anomalies in nontrivial background 3-form iJ-field (identified with 
the Diximier-Douday class) [15], [16], [17]. Coinciding (possibly infinitely many) D-branes 
are submanifolds "supporting" bundle gerbe modules [6] and can be classified by their 
(twisted) i^-theory. The relation to the boundary conformal field theory description of 
D-branes is due to the identification of equivariant twisted K-theory with the Verlinde 
algebra [18], [19]. For the role of if-theory in D-brane physics see e.g. [20], [21], [22]. 

In this paper we study the nonabelian generalization of abelian bundle gerbes and 
their differential geometry, in other words we study higher Yang-Mills fields. Nonabelian 
gerbes arose in the context of nonabelian cohomology [23], [1] (see [24] for a concise intro- 
duction), see also ([25]). Their differential geometry -from the algebraic geometry point 
of view- is discussed thoroughly in the recent work of Breen and Messing [26] (and their 
combinatorics in [27]). Our study on the other hand is from the differential geometry 
viewpoint. We show that nonabelian bundle gerbes connections and curvings are very 
natural concepts also in classical differential geometry. We believe that it is primarily 
in this context that these structures can appear and can be recognized in physics. It is 
for example in this context that one would like to have a formulation of Yang-Mills the- 
ory with higher forms. These theories should be relevant in order to describe coinciding 
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NS5-branes with D2-branes ending on them. They should be also relevant in the study of 
M5-brane anomaly. We refer to [28], [29], [30] for some attempts in constructing higher 
gauge fields. 

Abelian bundle gerbes are constructed using line bundles and their products. One 
can also study U(l) bundle gerbes, here line bundles are replaced by their corresponding 
principal U(l) bundles. In the study of nonabelian bundle gerbes it is more convenient 
to work with nonabelian principal bundles then with vector bundles. Actually principal 
bundles with additional structures are needed. We call these objects (principal) bibundles 
and D-H bundles (D and H being Lie groups). Bibundles are fibre bundles (with fiber 
H) which are at the same time left and right principal bundles (in a compatible way). 
They are the basic objects for constructing (principal) nonabelian bundle gerbes. The 
first part of this paper is therefore devoted to their description. In Section 2 we introduce 
bibundles, D-H bundles (i.e. principal D bundles with extra H structure) and study 
their products. In Section 3 we study the differential geometry of bibundles, in particular 
we define connections, covariant exterior derivatives and curvatures. These structures 
are generalizations of the corresponding structures on usual principal bundles. We thus 
describe them using a language very close to that of the classical reference books [31] 
or [32]. In particular a connection on a bibundle needs to satisfy a relaxed equivariance 
property, this is the price to be paid in order to incorporate nontrivially the additional 
bibundle structure. We are thus lead to introduce the notion of a 2-connection (a, A) 
on a bibundle. Products of bibundles with connections give a bibundle with connection 
only if the initial connections were compatible, we call this compatibility the summabil- 
ity conditions for 2- connect ions; a similar summability condition is established also for 
horizontal forms (e.g. 2-curvatures) . 

In Section 4, using the product between bibundles we finally introduce (principal) 
bundle gerbes. Here too we first describe their structure (including stable equivalence) 
and then only later in Section 7 we describe their differential geometry. We start with 
the proper generalization of abelian bundle gerbes in the sense of Murray [5], we then 
describe the relation to the Hitchin type presentation [3], [4], where similarly to the abelian 
case, nonabelian gerbes are described in terms of their " local transition functions" which 
are bibundles on double overlaps of open sets. The properties of the products of these 
bibundles over triple and quadruple overlaps define the gerbe and its nonabelian Cech 
2-co cycle. 

Section 5 is devoted to the example of the lifting bundle gerbe associated with the 
group extension H — > E — > G. In this case the bundle gerbe with structure group H 
appears as an obstruction to lift to E a G-principal bundle P. 

Again by generalizing the abelian case, bundle gerbe modules are introduced in Section 
6. Since we consider principal bibundles we obtain modules that are D-H bundles (com- 
patible with the bundle gerbe structure). With each bundle gerbe there is canonically 
associated an Aut(H)-H bundle. In the lifting bundle gerbe example a module is given 
by the trivial E-H bundle. 

In Section 7 we introduce the notion of bundle gerbe connection and prove that on a 
bundle gerbe a connection always exists. Bundle gerbe connections are then equivalently 
described as collections of local 2-connections on local bibundles (the "local transition 
functions of the bundle gerbe" ) satisfying a nonabelian cocycle condition on triple overlaps 
of open sets. Given a bundle gerbe connection we immediately have a connection on 
the canonical bundle gerbe module can. We describe also the case of a bundle gerbe 
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connection associated with an arbitrary bundle gerbe module. In particular we describe 
the bundle gerbe connection in the case of a lifting bundle gerbe. 

Finally in Section 8 we introduce the nonabelian curving b (the 2-form gauge potential) 
and the corresponding nonabelian curvature 3-form h. These forms are the nonabelian 
generalizations of the string theory B and H fields. 



2. Principal Bibundles and their Products 

Bibundles (bitorsors) where first studied by Grothendieck [33] and Giraud [1], their 
cohomology was studied in [34]. We here study these structures using the language of 
differential geometry. 

Given two U(l) principal bundles E, E, on the same base space M, one can consider 
the fiber product bundle EE, defined as the £7(1) principal bundle on M whose fibers 
are the product of the E and E, fibers. If we introduce a local description of E and E, 
with transition functions and h %i (relative to the covering {U 1 } of M), then EE has 
transition functions h^h^ . 

In general, in order to multiply principal nonabelian bundles one needs extra structure. 
Let E and E be if -principal bundles, we use the convention that H is acting on the 
bundles from the left. Then in order to define the H principal left bundle EE we need 
also a right action of H on E. We thus arrive at the following 

Definition 1. An H principal bibundle E on the base space M is a bundle on M that is 
both a left H principal bundle and a right H principal bundle and where left and right H 
actions commute 

V h,k e H , Ve G E, (ke)<h = k{e<h) ; (1) 
we denote with p : E — > M the projection to the base space. 

Before introducing the product between principal bibundles we briefly study their struc- 
ture. A morphism W between two principal bibundles E and E is a morphism between 
the bundles E and E compatible with both the left and the right action of H: 

W(ke<h) = kW(e)<h , (2) 

here < is the right action of H on E. As for morphisms between principal bundles on 
the same base space M, we have that morphisms between principal bibundles on M are 
isomorphisms. 

Trivial bibundles. 

Since we consider only principal bibundles we will frequently write bibundle for principal 
bibundle. The product bundle M x H where left and right actions are the trivial ones on 
H [i.e. k (x, h) <h' — (x, khh')] is a bibundle. We say that a bibundle T is trivial if T is 
isomorphic to M x H. 

Proposition 2. We have that T is trivial as a bibundle iff it has a global central section, 
i.e. a global section cr that intertwines the left and the right action of H on T: 

V/iG H , Vx G M, hcr(x) = cr(x) < h (3) 

Proof. Let cr be a global section of T, define Wa- : M x H — > T as W^ix, h) = hcr(x), 
then T and M x H are isomorphic as left principal bundles. The isomorphism W a is also 
a right principal bundles isomorphism iff (3) holds. □ 
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Note also that the section cr is unique if H has trivial centre. An example of nontrivial 
bibundle is given by the trivial left bundle M x H equipped with the nontrivial right 
action (x,h) < h! — (x,hx{h')) where x is an outer automorphism of H. We thus see 
that bibundles are in general not locally trivial. Short exact sequences of groups provide 
examples of bibundles that are in general nontrivial as left bundles [cf. (112), (113)]. 

The cp map. 

We now further characterize the relation between left and right actions. Given a bibundle 
E, the map cp : E x H — > H defined by 

Ve G E , VheH, cp e (h) e = e<h (4) 

is well defined because the left action is free, and transitive on the fibers. For fixed e £ E 
it is also one-to-one since the right action is transitive and left and right actions are free. 
Using the compatibility between left and right actions it is not difficult to show that cp 
is equivariant w.r.t. the left action and that for fixed e G E it is an automorphism of H: 

<P he (h') = hVeWh- 1 . (5) 

cp e (hh f ) = cp e (h)cp e (h') , (6) 

we also have 

¥W(*0 = Veihh'h- 1 ) • (7) 

Vice versa given a left bundle E with an equivariant map cp : E x H — > H that restricts 
to an H automorphism cp e , we have that E is a bibundle with right action defined by (4). 

Using the cp map we have that a global section cr is a global central section (i.e. that 
a trivial left principal bundle is trivial as bibundle) iff [cf. (3)], VxeM and \/h G H , 

<p v{x) (h) = h. (8) 

In particular, since e G E can be always written as e = h'cr, we see that (p e is always an 
inner automorphism, 

<p e (h) = <p hl< ,(h) = Ad h .(h) . (9) 

Vice versa, we have that 

Proposition 3. If H has trivial centre then an H bibundle E is trivial iff <fi e is an inner 
automorphism for all e G E. 

Proof. Consider the local sections t l : U l — > E, since H has trivial centre the map k{t) : 
U l — > H is uniquely defined by cp t i(h') = Ad k ^h' . From (5), ip ht i{h!) = AdhAd k ^h' 

and therefore the sections k{t l ) 1 t l are central because they satisfy ip k ^-i ti (h') = h! . 

In the intersections = U l fl we have t % = h^P and therefore k(t % ) V = k(P) 1 P. 
We can thus construct a global central section. □ 

Any principal bundle with H abelian is a principal bibundle in a trivial way, the map 
cp is given simply by ip e (h) = h. 

Now let us recall that a global section cr : M — > E on a principal iJ-bundle E — > M 
can be identified with an iJ-equivariant map a : E — > . With our (left) conventions, 
G £?, 

e = a(e)cr(a;) . 

Notice, by the way, that if E is a trivial bibundle with a global section cr, then a is 
bi-equivariant, i.e.: a(heh') = ha(e)h' iff a is central. We apply this description of 
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a global section of a left principal bundle to the following situation. Consider an H- 
bibundle E. Let us form Aut(H) x# E with the help of the canonical homomorphism 
Ad : H — > Aut(H). Then it is straightforward to check that a : [f],e] i— > 77 o <p e with 
G Aut(H) is a global section of the left Aut(H)-bundle Aut(H) x H E. So Aut(H) x H E 
is trivial as a left Aut (i/)-bundle. On the other hand if E is a left principal //"-bundle 
such that Aut(H) x# £ is a trivial left Aut( H) -bundle then it has a global section 
a : Aut(H) Xjj E — > Aut(H) and the structure of an iJ-bibundle on 22 is given by 
<^ e = (j([id, e]). We can thus characterize if-bibundles without mentioning their right H 
structure, 

Proposition 4. ^4 left H-bundle E is an H-bibundle if and only if the (left) Aut(H)- 
bundle Aut(H) Xh E is trivial. 

Any trivial left //-bundle T can be given a trivial 2/-bibundle structure. We consider 
a trivialization of T i.e. an isomorphism T ^ M x H and pull back the trivial right 
//-action on M x H to T. This just means that the global section of the left //"-bundle 
T associated with the trivialization T — > M x H, is by definition promoted to a global 
central section. 

Product of bibundles. 

In order to define the product bundle EE we first consider the fiber product (Withney 
sum) bundle 

E®E = {(e,e) | p{e) = p(e)} (10) 

with projection p : E © E — > M given by p(e, e) = p(e) = p(e). We now can define the 
product bundle EE with base space M via the equivalence relation 

Vhe H (e,he) ~ ( e <h,e) (11) 

we write [e, e] for the equivalence class and 

EE = E ® H E = { [e, e] } (12) 

the projection pp : EE -> M is given by pp[e,e] = p(e) = p(e). One can show 
that EE is an H principal bundle; the action of H on EE is inherited from that on E: 
h[e, e] = [he,e\. Concerning the product of sections we have that if s : U — > E is a 
section of E (with U C M), and 5 : L7 — > is a section of E, then 

s5= [s,s] : U ^ EE (13) 

is the corresponding section of EE. 

When also E is an H principal bibundle, with right action <, then EE is again an H 
principal bibundle with right action <M given by 

[e,e] <nh = [e,e<h] (14) 

It is easy to prove that the product between H principal bibundles is associative. 

Inverse bibundle. 

The inverse bibundle E~ l of E has by definition the same total space and base space of 
E but the left action and the right actions < _1 are defined by 

he" 1 = (e<h- 1 )- 1 , e- 1 < 1 h = (hT 1 e)- 1 (15) 
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here e _1 and e are the same point of the total space, we write e _1 when the total space 
is endowed with the E~ l principal bibundle structure, we write e when the total space 
is endowed with the E principal bibundle structure. From the Definition (15) it follows 
that he" 1 = e" 1 <p e (h). Given the sections f 1 : U l — > E of E we canonically have 
the sections V 1 : U l — > E -1 of E~ l (here again t l (x) and t l ~ 1 (a;) are the same point of 
the total space). The section V V of E~ l E is central, i.e. it satisfies (3). We also have 

we can thus define a canonical (natural) global central section X 
of E _1 E, thus showing that E _1 E is canonically trivial. Explicitly we have i[e' _1 , e] — h 
with e' < h — e. Similarly for EE" 1 . The space of isomorphism classes of if-bibundles on 
M [cf. (2)] can now be endowed with a group structure. The unit is the isomorphism 
class of the trivial product bundle M x H . The inverse of the class represented by E is 
the class represented by E" 1 . 

Consider two isomorphic bibundles E and E' on M. The choice of a specific isomor- 
phism between E and E' is equivalent to the choice of a global central section of the 
bibundle EE'" 1 , i.e. a global section that satisfies (3). Indeed, let / be a global section 
of EE' -1 , given an element e G E with base point x G M, there is a unique element 
e'" 1 G E'" 1 with base point x G M such that [e, e' -1 ] = /(x). Then the isomorphism 
E ~ E' is given by e m e'; it is trivially compatible with the right if-action, it is 
compatible with the left Enaction because of the centrality of /. 

More generally let us consider two isomorphic left if -bundles E ~ E' which are not 
necessarily bibundles. Let us write a generic element (e, e') G E©E' in the form (e, hW(e)) 
with a properly chosen h G H . We introduce an equivalence relation on E © E' by 
(e,hW(e)) ~ (h'e,hW(h'e)). Then T = E ® E' / ~ is a trivial left H-hun&\e with 
global section a([e,hW(e)]) = h" 1 (the left iJ-action is inherited from E). Recalling 
the comments after Proposition 4, we equip T with trivial i/-bibundle structure and 
global central section a. Next we consider the product TE' and observe that any element 
[[e, e[], e'2] G TE' can be written as [[e, W(e)], W{e)\ with a unique e G E. We thus have 
a canonical isomorphism between E and TE' and therefore we write E = TE'. Vice 
versa if T is a trivial bibundle with global central section a : T — > if and E^E" are left 
if-bundles and E = TE', i.e E is canonically isomorphic to TE', then we can consider the 

isomorphism E ~ E' defined by e']) = a(t)e' (here [t, e'\ is thought as an element of 
E because of the identification E = TE'). It is then easy to see that the trivial bibundle 
with section given by this isomorphism W is canonically isomorphic to the initial bibundle 
T. 

We thus conclude that the choice of an isomorphism between two left ii-bundles E and 
E' is equivalent to the choice of a trivialization (the choice of a global central section) of 
the bibundle T, in formulae 

E ~ E' -<=^ E = TE' (16) 
where T has a given global central section. 

Local coordinates description. 

We recall that an atlas of charts for an H principal left bundle E with base space M 
is given by a covering {U 1 } of M, together with sections t l : U l — > E (the sections 
i* determine isomorphisms between the restrictions of E to U l and the trivial bundles 
U l x if). The transition functions : f/*- 7 — * H are defined by i* = h l H^ . They satisfy 
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on U' l ^ k the cocycle condition 

h ij h jk = K k _ 

On U l i we have W = h? % 1 . A section s : [/ — > E has local representatives {s*} where 
: U nil 1 ^ H and in we have 

= s j . (17) 

If £ is also a bibundle we set 

i P i = cp ti : 17* -> Aut(ff) (18) 

and we then have V /i G H , p l {h)h tj = h tj p j (h) , i.e. 

= <V -1 . (19) 

We call the set <p 1 } of transition functions and p 1 maps satisfying (19) a set of local 
data of E. A different atlas of E, i.e. a different choice of sections t n = r % t l where 
r .i . jji _^ jj ^ we can a i wa y S re f} ne the two atlases and thus choose a common covering 
{U 1 } of M), gives local data 

h Hj = r ^j r r x ? (20) 

= Ad r > o ^ . (21) 

We thus define two sets of local data {h lj ,p 1 } and {h' lj , p 1 } to be equivalent if they are 
related by (20), (21). 

One can reconstruct an iJ-bibundle E from a given set of local data {h 1 ^ , p 1 } relative 
to a covering {U 1 } of M. For short we write E = {h tj ,p 1 }. The total space of this 
bundle is the set of triples (x, h, i) where x G U l , h G H, modulo the equivalence relation 
(x, h,i) ~ (x f , h',j) iff x — x' and hh 1 ^ = h! . We denote the equivalence class by [x, h,i]. 
The left H action is h'[x,h, i] = [x, h'h, i\. The right action, given by [x,h,i] < h' — 
[x, hp l (h'),i] is well defined because of (19). The h^'s are transition functions of the atlas 
given by the sections V : U l — > E, t l (x) = [x, and we have cp ti = p % . It is now not 
difficult to prove that equivalence classes of local data are in one-to-one correspondence 
with isomorphism classes of bibundles. [Hint: t' 1 1 (r l t l ) is central and % independent]. 

Given two H bibundles E = {h lj , p 1 } and E = {h tj , p 1 } on the same base space M, the 
product bundle EE has transition functions and left if -actions given by (we can always 
choose a covering {U 1 } of M common to E and E) 

EE = {ti j tf(h ij ),<p i o<p i } (22) 

If E is not a bibundle the product EE is still a well defined bundle with transition 
functions h lJ p 3 \h 13 ) . Associativity of the product (22) is easily verified. One also shows 
that if s l , 5* : U fl U % — > H are local representatives for the sections s : U E and 
s : U — > E then the local representative for the product section ss : U — > EE is given 
by 

sV^s*) • (23) 

The inverse bundle of E = {h %3 \ p 1 } is 

sr 1 = {<fr\hP- x ) ,<fr x ) (24) 

(we also have p 3 1 (h lJ )~ 1 = p l 1 (h lJ If s : U — > E is a section of with 

representatives {s 1 } then : [/ — > E" 1 , has representatives 1 (s i 
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A trivial bundle T with global central section t, in an atlas of charts subordinate to a 
cover U l of the base space M, reads 

T = {ff1-\Adfi}, (25) 

where the section t = f 1 has local representatives {f l 1 ] . For future reference notice 
that T- 1 = {f^P, Adft-i} has global central section / = {/*}, and that ET^E' 1 is 
trivial, 

ET-'E- 1 = {^(f"V(/ j ), ^W^)} • (26) 
We denote by ip(f) the global central section {<£>*(/*)} of ET^E -1 . Given an arbitrary 
section s : U — > E 1 , we have, in [/ 

¥>(/) = s/s" 1 (27) 

Proof : fs 1 = {fAdfi-ifa*' 1 ^ 1 ))} = {^"^s*" 1 )/*} and therefore s/s 1 = 
{<£>*(/*) } = y(/)- Property (27) is actually the defining property of (p(f). Without 
using an atlas of charts, we define the global section <p(f) of ET~ 1 E~ 1 to be that section 
that locally satisfies (27). The definition is well given because centrality of / implies that 
(f(f) is independent from s. Centrality of the global section / also implies that (p(f) is 
a global central section. If a is the global central section of T, the corresponding global 
section a'oi ET^E' 1 is a'[e, t, e'" 1 ] = ip e (a(t))h with e = he'. 

The pull-back of a bi-principal bundle is again a bi-principal bundle. It is also easy to 
verify that the pull-back commutes with the product. 

D-H bundles. 

We can generalize the notion of a bibundle by introducing the concept of a crossed module. 

We say that if is a crossed D-module [35] if there is a group homomorphism a : H — > D 
and an action of D on H denoted as (d, h) hh> d h such that 

V/i, h'eH , a{h) ti = hh'h- 1 (28) 

and forall h G H, d E D, 

a( d h) = da(h)d~ l (29) 

holds true. 

Notice in particular that a(H) is normal in D. The canonical homomorphism Ad : 
H — > Aut(H) and the canonical action of Aut(H) on H define on H the structure of a 
crossed Aut(H)-modu\e. Given a D-bundle Q we can use the homomorphism t : D — > 
Aut(H), to a = Ad to form Aut(H) x D Q. 

Definition 5. Consider a left D -bundle Q on M such that the Aut(H)-bundle Aut(H) x n 
Q is trivial. Let a be a global section of Aut(H) x D Q. We call the couple (Q,cr) a D-H 
bundle. 

Notice that if a : Aut(H) x D Q 3 [77, q] 1— > a([r},q]) G Aut(H) is a global section of 
Aut(H) x D Q then 

i) the automorphism ib q G Aut(H) defined by 

% = a{[id,q\) (30) 

is D-equivariant, 

^ dq {h) = d i> q (h) (31) 
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ii) the homomorphism £ q : H — > D defined by 

i q {h) = ao^ q {h) (32) 

gives a fiber preserving action q<h = £ q (h)q of i7 on the right, commuting with the left 
.D-action. i.e. 

V h e H,d e D,q e Q, (dq)<h = d{q<h) . (33) 
Vice versa we easily have 

Proposition 6. Let H be a crossed D-module. If Q is a left D bundle admitting a right 
fiber preserving H action commuting with the left D action, and the homomorphism $, q : 
H — > D, defined by q<h = £ q (h)q is of the form (32) with a D-equivariant if) q G Aut(H) 
[cf. (31)], then Q is a D-H bundle. 

There is an obvious notion of an isomorphism between two D-H bundles (Q, a) and 
(Q,a); it is an isomorphism between D-bundles Q and Q intertwining between a and 
a . In the following we denote a D-H bundle (Q, a) simply as Q without spelling out 
explicitly the choice of a global section a of Aut(H) Q. As in the previous section 
out of a given isomorphism we can construct a trivial D-bibundle Z with a global central 
section z~ x such that Q and ZQ are canonically identified and we again write this as 
Q = ZQ. The t/j map of Z is given by Ad^-i. 

Note that the product of a trivial D-bibundle Z and a D-H bundle Q is well-defined 
and gives again a D-H bundle. 

The trivial bundle M x D — > M, with right if-action given by (x, d) <h = (x, da(h)), 
is a D-H bundle, we have ^^^{h) = d h. A D-H bundle Q is trivial if it is isomorphic 
to M x D. Similarly to the case of a bibundle we have that a D-H bundle is trivial iff it 
has a global section a which is central with respect to the left and the right actions of H 
on Q, 

cr(x) <h = a(h)cr(x) . (34) 
The corresponding map a : Q — > D is then bi-equivariant 

a(dq<h) = da(q)a{h). (35) 

The pull-back of a D-H bundle is again a D-H bundle. 

The trivial bundle Aut(H) Xh E (cf. Proposition 4) is an Aut(H)-H bundle. Proof. 
The left Aut(H) and the right H actions commute, and they are related by [r),e\h = 
Ad v ( Ve {h))]r}, e] ; we thus have ''/Vel — V ° ^Pei which structures Aut(H) x H E into an 
Aut(H)-H bundle. Moreover a([rj,e\) = rj o ip e is bi-equivariant, hence Aut(H) x H E is 
isomorphic to M x Aut(H) as an Aut(H)-H bundle. 

More generally, we can use the left if-action on D given by the homomorphism a : 
H — > D to associate to a bibundle i? the bundle D x H E. The //-automorphism V^e] 
defined by t/>r dje i = d( P e {h) endows D x H E with a bundle structure. 

There is the following canonical construction associated with a D-i/ module. We use 
the D-action on H to form the associated bundle Hx dQ. Using the equivariance property 
(31) of if) q we easily get the following proposition. 

Proposition 7. The associated bundle H x D Q is a trivial H -bibundle with actions 
h'[h,q] = [if) (h')h,q] and [h,q\ < hi — [hij) q (h'),q], and with global central section given 
bya([h,q]) = ^ q \h). 



10 



The local coordinate description of a D-H bundle Q is similar to that of a bibundle. 
We thus omit the details. We denote by cf- 7 the transition functions of the left principal 
.D-bundle Q. Instead of local maps (18) we now have local maps ip l : U l — > Aut(H), such 
that (compare to (19)) 

^h = tj} i o^~\h). (36) 

The product QE of a D-H bundle Q with a if -bibundle E can be defined as in (11), (12). 
The result is again a D-H bundle. If Q is locally given by {d lj , and H is locally given 
by , if 1 } then QE is locally given by {r/'-'f •'(//'•' )• '.•'•-,•-' }• Moreover if Z = {z i z j , A^} 
is a trivial -D-bibundle with section z~ l = {z l 1 }, then the well-defined D-H bundle ZQ 
is locally given by {z l d lJ z^ , z * o ip 1 }. He have the following associativity property 

(ZQ)E = Z(QE) , (37) 

and the above products commute with pull-backs. 

Given a D-H bundle Q and a trivial if-bibundle T with section f~ l there exists a 
unique trivial D-bibundle £(T) with section ^(/ _1 ) such that 

QT = £(T)Q , (38) 

i.e. such that for any local section s of Q one has s/ _1 = £(/ _1 )s. The notations £(T), 
€(/ _1 ) are inferred from the local expressions of these formulae. Indeed, if locally T = 
{/'./•' •■>'//! and / = {/*}, then £(T) = {i'(/')C J (/M L ,A% (/<) ) and £(/) = {£*(/*)}. 

Finally, as was the case for bibundles, we can reconstruct a D-H bundle Q from a given 
set of local data {cf J , ■?/>*} relative to a covering {U 1 } of M. Equivalence of local data for 
D-H bundles is defined in such a way that isomorphic (equivalent) D-H bundles have 
equivalent local data, and vice versa. 



3. Connection and Curvature on Principal Bibundles 

Since a bibundle E on M is a bundle on M that is both a left principal if-bundle 
and a right principal if-bundle, one could then define a connection on a bibundle to 
be a one-form a on E that is both a left and a right principal if -bundle connection. 
This definition [more precisely the requirement A r = in (49)] preserves the left-right 
symmetry property of the bibundle structure, but it turns out to be too restrictive, 
indeed not always a bibundle can be endowed with such a connection, and furthermore 
the corresponding curvature is valued in the center of if. If we insist in preserving the left- 
right symmetry structure we are thus led to generalize (relax) the notion of connection. 
In this section we will see that a connection on a bibundle is a couple (a, A) where a is 
a one-form on E with values in Lie(if) while A is a Lie(Aut(H)) valued one-form on M. 
In particular we see that if A = then a is a left connection on E where E is considered 
just as a left principal bundle. We recall that a connection a on a left principal bundle 
E satisfies [31] 

i) the pull-back of a on the fibers of E is the right invariant Maurer-Cartan one- form. 
Explicitly, let e e E, let g(t) be a curve from some open interval (—e,e) of the real line 
into the group H with g(0) = 1#, and let [g(t)} denote the corresponding tangent vector 
in 1 H and [g(t)e] the vertical vector based in e G E. Then 

a[g(t)e] = -[g(t)} . (39) 
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Equivalently a[g(t)e] = C[g(t)] where C[g(t)] is the right-invariant vector field associated with 
[g(t)} e Lie(H), i.e. ( m] \ h = -[g(t)h]. 

ii) under the left if-action we have the equivariance property 

l h *a = Ad h a (40) 
where l h denotes left multiplication by h G H. 

Now property i) is compatible with the bibundle structure on E in the following sense, if 
a satisfies i) then — cp" 1 (a) pulled back on the fibers is the left invariant Maurer-Cartan 
one-form 

-tp- 1 (a)[eg(t)] = \g(t)], (41) 
here with abuse of notation we use the same symbol ip~ x for the map <£ _1 : E x H — > 
H and its differential map : E x Lie(H) — > Lie(H). Property (41) is equivalent 

to a[g(t)e] = C[g{t)] where C[g(t)] is the left-invariant vectorfield associated with \g(t)] e 
Lie(if), i.e. £[g(t)]L = [hg(t)\. Property (41) is easily proven, 

-<p-\a)[eg(t)] = -cp;\a[cp e (g(t))e\) = V?[<pMt))\ = W)\ ■ 

Similarly, on the vertical vectors v v of E we have (r h * a — a) (v v ) = , {l h * \p~ l (a) — 
ip^ 1 (a)) (v v ) = and 

(l h *a-Ad h a)(v v ) = 0, (42) 

(r h *ip-\a) - Ad h -^-\a)) (v v ) = . (43) 

On the other hand property ii) is not compatible with the bibundle structure, indeed if 
a satisfies (40) then it can be shown (see later) that — cp^ 1 (a) satisfies 

r h *^p-\a) = Ad h -,<p-\a) - p*T\h' 1 ) (44) 

where T'(h) is a given one-form on the base space M, and p : E M. In order 
to preserve the left-right symmetry structure we are thus led to generalize (relax) the 
equivariance property ii) of a connection. Accordingly with (42) and (44) we thus require 

l h *a = Ad h a + p*T{h) (45) 

where T(h) is a one-form on M. From (45) it follows 

T(hk) = T(h) + Ad h T(k) , (46) 

i.e., T is a 1-cocycle in the group cohomology of H with values in Lie(H) <g> ^(M). Of 
course if T is a coboundary, i.e. T(h) = hxh' 1 — x w hh x £ Lie(if) <E> fi x (M), then 
a + x is a connection. We thus see that eq. (45) is a nontrivial generalization of the 
equivariance property only if the cohomology class of T is nontrivial. 

Given an element X e Lie(Aut(H)), we can construct a corresponding 1-cocycle T x in 
the following way, 

T x (h) = [he^ih- 1 )} , 

where [he tx (h^ 1 )] is the tangent vector to the curve he tx (h~ r ) at the point 1#; if H is 
normal in Aut(H) then e tx (h~ r ) = e tx h~ 1 e~ tx and we simply have Tx(h) = hXh^ 1 —X. 
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Given a Lie (if)) -valued one-form A on M, we write A = A P X P where {X p } is a 
basis of Lie( Aut(H)). We then define T A as 

T A = A p T XP . (47) 

Obviously, p*T A = T P * A . Following these considerations we define 

Definition 8. A 2-connection on E is a couple (a, A) where: 

i) a is a Lie (if) valued one-form on E such that its pull-back on the fibers of E is the 
right invariant Maurer-Cartan one-form, i.e. a satisfies (39), 

ii) A is a Lie(Aut(H)) valued one-form on M, 
Hi) the couple (a, A) satisfies 

l h *a = Ad h a + p*T A (h) . (48) 

This definition seems to break the left-right bibundle symmetry since, for example, 
only the left if action has been used. This is indeed not the case 

Theorem 9. If (a, A) is a 2-connection on E then (a r ,A r ), where a r = — y> -1 (a), 
satisfies (39) and (48) with the left if action replaced by the right if action (and right- 
invariant vectorfields replaced by left-invariant v ector fields ) , i.e. it satisfies (41) and 

r h *a r = Ad h -ia r +p*T Ar (h- 1 ) , (49) 

here A r is the one-form on M uniquely defined by the property 

p*A r = (f~ 1 (p*A + ad a )cp + cp^dip . (50) 

Proof. First we observe that from (39) and (48) we have 

l h '*a = Ad h ia + p*T A {ti) + tidti' 1 (51) 

where now h! = h'(e), i.e. h! is an H- valued function on the total space E. Setting 
h! = <p{h), with h E H we have 

r h* a = l<p(h)* a = Ad v{h) a + p*T A (<p(h)) + tp{h)dtp{h- 1 ) 

= a + cp(T Ar (h)) (52) 

in equality (52) we have defined 

A r = cp~ 1 {p*A + ad a )cp + cp~ 1 dcp. (53) 

Equality (52) holds because of the following properties of T, 

T v - ldv (h) = cp' 1 {(fWdtpih- 1 )) , (54) 

T v -^ Av (h) = <p-' (T p * A (<P(h))) , (55) 
T ada (h)=Ad h a-a . (56) 

From (52), applying cp^ 1 and then using (7) one obtains 

r h *a r = Ad h -ia r + T^ihT 1 ) . (57) 

Finally, comparing (43) with (57) we deduce that for all h G H, T A r{h){v v ) = 0, and 
this relation is equivalent to A r (v v ) = 0. In order to prove that A r = p*A r where A r is 
a one-form on M, we then just need to show that A r is invariant under the H action, 
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\h* jr _ _ rjj^g . g j nc j eec j cage b ecause \ h * (i£>- 1 dy>) = cp^Adh-idAdhCp = cp^dip, 
and because 

l h * ( l p- 1 (p*A + ad a )cp) = cp- 1 Ad h -i(p*A + l h *ad a )Ad h <f 

= cp- 1 (Ad h -ip*AAd h + ad a + ad Adh _ lTp , A(h) ) cp 
= (p~ x (p*A + ad a )(p . 

□ 

Notice that if (a, A) and (a', A') are 2-connections on E then so is the affine sum 

(p*(X)a + (1 - p*\)a' , XA + (1 - \)A' ) (58) 
for any (smooth) function A on M. 

As in the case of principal bundles we define a vector v E T e E to be horizontal if 
a(v) = 0. The tangent space T e E is then decomposed in the direct sum of its horizontal 
and vertical subspaces; for all v E T e E, we write v = Ht> + Vv, where Vv = \e~ ta ^e\. 
The space of horizontal vectors is however not invariant under the usual left if-action, 
indeed 

a(l\(Rv)) =T A (h)(v) , 
in this formula, as well as in the sequel, with abuse of notation T A stands for T P * A . 

Remark 10. It is possible to construct a new left if -action on T*E, that is compatible 
with the direct sum decomposition T*E = WT^E + VT^E. We first define, for all h E H, 

L\ : T*E -> VT*E , 

T e E 3 v ^ [e tTA(h){v) he} E VT he E , (59) 

and notice that L h A on vertical vectors is zero, therefore L h A oL h A = 0. We then consider 
the tangent space map, 

£ h * = l h *+L h A . (60) 

It is easy to see that £^ k = and therefore that £* defines an action of H on T*H. 

We also have 

£ h *a = Ad h a . (61) 

Finally the action £\ preserves the horizontal and vertical decomposition T*E = HT^E + 
VT*E, indeed 

H£*v = £*Hv , V£*v = £*Vv (62) 
Proof. Let v = [7(f)]. Then JLCjfu = HZju = [/17(f)] - [e^^e] = [/17(f)] + 
[e^^he] = [/17(f)] + [he ta ^e] + [e tTA ^he] = ^{v + [e ta ^e]) = £^Rv . 

Curvature. 

An n-form i9 is said to be horizontal if i?(tti, u 2 , ■ ■ ■ u n ) = whenever at least one of the 
vectors Ui E T e E is vertical. The exterior covariant derivative Duj of an n-form u> is the 
(n + l)-horizontal form defined by 

Du(v!,v 2 , . . . ,v n+1 ) = tZw(Hui,Hu 2 , . . . ,Rv n+1 ) - (-l) n T A (u>)(Rv 1: Rv 2 , . . . ,Rv n+1 ) 

(63) 

for all Vi E T e E and e E E. In the above formula T a (uj) is defined by 

T A (uj) = oj a AT A ,(X a ) , (64) 
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where T M : Lie(H) -> Lie(if) <g> ^(E) is the differential of T A : H -> Lie(if) <g> fi 1 ^). 
If i7 is normal in Aut(H) we simply have Ta(u>) = A pM°"[X p , X CT ] = [a>,pM], where 
now X p are generators of Lie(Aut(H)). 

The 2-curvature of the 2-connection (a, A) is given by the couple 

(k,K) = (Da, dA + A A A). (65) 
We have the Cartan structural equation 

k = da + -[a,a]+T A {a) , (66) 

where ±[a,a] = |a a A a^I*,!"] = a A a with X a e Lie(if), 

The proof of eq. (66) is very similar to the usual proof of the Cartan structural equation 
for principal bundles. One has just to notice that the extra term T A (a) is necessary since 
da(Vv, Hu) = -a([Vv, Hu]) = T Am (a(Vv))(Hu) = -T A {a)(Vv, Hu). 

The 2-curvature (fe, X) satisfies the following generalized equivariance property 

l h *k = Ad h k + T K (h) , (67) 

where with abuse of notation we have written T K (h) instead of T p * K (h). We also have 
the Bianchi identities, dK + A A K = and 

£>fc = . (68) 

Given an horizontal n-form i9 on E that is O-equivariant, i.e. that satisfies l h *"d = 
Adhi9 + Tq(K) , where is an n-form on M, we have the structural equation 

DV = dti+ [a, 0] + T e (a) - (-l) n T A (0) (69) 

where [a, t?] = a a A i?' 3 [X a ,X /3 ] = a A i? - (-l) n i? A a. The proof is again similar 
to the usual one (where 6 = 0) and is left to the reader. We also have that D-d is 
(dQ + [A, 6])-equivariant, 

l h *D0 = Ad h ti + T d@+[A@] (h) . (70) 
Combining (69) and (68) we obtain the explicit expression of the Bianchi identity 

dk+ [a,k] +T K (a) -T A (k) = (71) 

We also have 

D 2 -&=[k,-&]+Te(k)-(-l) n T K (-&) . (72) 

As was the case for the 2-connection (a, A), also for the 2-curvature (k, K) we can have 
a formulation using the right H action instead of the left one. Indeed one can prove that 
if (k,K) is a 2-curvature then (k r ,K r ) where 

k r = -cp-\k) , K r = ip-\K + ad k )cp 

is the right 2-curvature associated with the right 2-connection (a r ,A r ). In other words 
we have that k r is horizontal and that 

k" = k a r , K r = K A r 

(for the proof we used T A r{(p-\X)) = (p-\[X,a\ + T A {X)) + dcp-^X), X G Lie(if)). 
We also have 

r h *k r = Ad h -ik r + T K r(h- 1 ) . (73) 
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More in general consider the couple (•&, 6) where is an horizontal n-form on E that is 
0-equivariant. Then we have the couple (# r , G r ) where "& r = — is an horizontal 

n-form on E that is right O r -equivariant, 

r h *$ r = Ad h -itf r + TerQi- 1 ) . (74) 

with 6 r = <^ _1 (6 + ad&)cp. 

The pull-back of a 2-connection (or of a horizontal form) on a principal if-bibundle is 
a 2-connection (horizontal form) on the pulled back principal ff-bibundle, moreover the 
exterior covariant derivative -and in particular the definition of 2-curvature- commutes 
with the pull-back operation. 

Local coordinates description. 

Let's consider the sections t % : U l — > E subordinate to the covering {U 1 } of M. Let 
l : H x U l — > p^iU -1 ) C E be the local trivialization of E induced by f 1 according to 
l(x, h) = ht(x) ) where x G M. We define the one- forms on U l C M 

a' = t l *a , (75) 

then, the local expression of a is ha l h~ l + TA{h) + hdh -1 , more precisely, 

t*(a)( x ,h)(vM,v H ) = ha l (x)h~ l {v M ) + T A{x) (h)(v M ) +hdh' 1 (v H ) , (76) 

where vm ,vh are respectively tangent vectors of U l C M at x, and of H at h, and where 
—hdh" 1 denotes the Maurer-Cartan one-form on H evaluated at h G H. Similarly the 
local expression for k is hk l h _1 + T K {h), where k l = t l k. 

Using the sections {t 1 } we also obtain an explicit expression for A r , 

A r = t i*jr = yr\A + ad a i)ipi + (p^cbpt . (77) 

Of course in we have t l * A r = V A r , so that A r is defined on all M. In U 1 ^ we also 
have a 1 = h ij a j h ij 1 + h^dW' 1 + T A {h ij ) and fc* = //'•'/,• '7/ ; ' 1 + T^(Zi^) . 

Sum of 2-connections. 

If the group H is abelian, on the product bundle E\E 2 there is the natural connection 
a 1 -\-a 2 obtained from the connections ai and a 2 on E 1 and E 2 . In this subsection we 
generalize to the nonabelian case the sum of connections. Consider the following diagram 

E 1 © E 2 — ^ E 2 (78) 
i?i E\ E 2 

and let (ai,A 2 ) be a 2-connection on and (a 2 ,A 2 ) a 2-connection on E 2 . Recalling 
the definition of the product EiE 2 , we see that the one-form on Ei © E 2 

<Oi + ^(^02) (79) 
is the pull-back of a one-form on E ± E 2 iff, for all V\ G T ei E, t> 2 G T e2 E and h & H, 

«Oi + v>i(7r;o 2 )) (ci)e2) (ui,U2) 

= (ttIo! + Vi(T 2 *02)) (cih _ 1)fte2) (rNi,ZS) 

+ (ttIo! + Vi(^O2)) (cih _i )ftC2) ([ei/i- 1 (0], [M*)e 2 ]) 




16 

where h(t) is an arbitrary curve in H with h(0) = 1#. Since a x and a 2 satisfy the Cartan- 
Maurer condition (39) the last addend vanishes identically and therefore the expression 
is equivalent to 

7r*ai + <^ 1 (7T2a 2 ) = rl h {nidi + cp^n^)) (80) 

where 

rl h : E 1 © E 2 -> E l ®E 2) 

(ei,e 2 ) i-> (e 1 h~ 1 ,he 2 ) ■ 
Now, using (7), and then (52) we have 

r^^ai + ¥J 1 (7T20 2 )) = 7r*r A_1 *ai + (^ 1 A4-i(7r;/ /l *a 2 ) 

= 7r*ai + ^i^^) 

+ ^ 1 (7T*T ylI (/l- 1 ) +7T 2 *A4-lT j42 (/l)) 

and the last addend vanishes iff 

A 2 = A{ . (81) 
In conclusion, when (81) holds, there exists a one-form on EiE 2 , denoted by a x + a 2 , such 
that 

7r* (ai+a 2 ) = vr*^ + (^(vr*^) (82) 
From this expression it is easy to see that (ai+a 2 , A±) is a 2-connection on E\E 2 . We 
then say that (ai, A x ) and (a 2 , A 2 ) (or simply that ai and a 2 ) are summable and we write 

(oi,i4i) + (a2,A 2 ) = (a 1 +a 2: A 1 ) . (83) 

Notice that the sum operation + thus defined is associative (and noncommutative). 
In other words, if a x and a 2 are summable, and if a 2 and a 3 are summable then 
ai + (a 2 +a 3 ) = (ai+a 2 )+a 3 and (ai+a 2 +a 3 , is a 2-connection on ExE 2 E 3 . 



We also have a summability criterion for the couples 9i) and ($ 2 , 2 ) where i = 
1, 2 is an horizontal n-form on Ei that is r equivariant. We have that (i?i, Oi) + (i? 2 , 2 ) = 
(01+02,0!) where 

7T* (0i + 2 ) = TT^i + ^(TT^a) (84) 

is a well defined horizontal Gi-equivariant n-form on EiE^ iff 

6 2 = 0/ . (85) 

We have 

(Da^D^ej + iD^DA^ = (D ai+aa (0 1 +0 2 ),D Ai e 1 ), (86) 

with obvious notation: D a tf = dtf+[a, &]+T e (a) - (-l) n T A (tf) and D A Q = d& + [A, &}. 
Also the summability of curvatures is a direct consequence of the summability of their 
corresponding connections. If (ai, Ax) + (a 2 , A 2 ) = (ai+a 2 , Ai) then 

(fex, Kx) + (fc 2 , X 2 ) = (fex+fca, , (87) 

and we also have 

k ai+a2 = kx + k 2 . (88) 

Summability is preserved under isomorphism, i.e. if are summable connections on 
Ei (i = 1,2) and we have isomorphisms <7j : E[ — > then cr*(aj) are summable and 
a"i(a 2 ) + o"|(a 2 ) = (7* 2 (ai-|-a 2 ), where we have considered the induced isomorphism o\ 2 = 
a"i(T 2 : E[E' 2 — > E\E 2 . The same property holds for horizontal forms. 
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4. Nonabelian Bundle Gerbes 

Now that we have the notion of product of principal bibundles we can define nonabelian 
bundle gerbes generalizing the construction studied by Murray [5] (see also Hitchin [3] 
and [4]) in the abelian case. 

Consider a submersion p : Y — > M (i.e. a map onto with differential onto) we can 
always find a covering {O a } of M with local sections a a : O a — > Y, i.e. poa a = id. The 
manifold Y will always be equipped with the submersion p : Y — > M. We also consider 
yN = Fx M Fx M y...XMFthe n-fold fiber product of F, i.e. Y^ = {(y u ...y n )e 

Y n I p(yi) = p{V2) = ...p{y n )}- 

Given a H principal bibundle £ over Y^ we denote by £ 12 = P* 2 (£) the H principal 
bibundle on Y^ obtained as pull-back of p 12 : F' 3 ' — > Y^ (p 12 is the identity on its first 
two arguments); similarly for £ 13 and £ 23 . 

Consider the quadruple (£, Y, M, /) where the if principal bibundle on F' 3 ', £^£23 £]% 
is trivial, and / is a global central section of (£12^23 £13) [i- e - / satisfies (3)]. Re- 
calling the paragraph after formula (15) we can equivalently say that £12^23 and £ 13 are 
isomorphic, the isomorphism being given by the global central section f~ l of 

T = £ 12 £ 23 £^. (89) 

We now consider Y^ and the bundles £12, £23, £13, £24, £34, £14 on Y^ relative to the 
projections p 12 : F [4] -> F [2] etc., and T 123 , T^l, T{^\ relative to p 123 : -> F [3] etc.. 
Since the product of bundles commutes with the pull-back of bundles, we then have 

^124^12 (^234 £23^34) = ^L34 (7l23 1 ^12£23)£34 = £l4 (90) 

as bundles on Y^. The first identity in (90) is equivalent to 

^124 £12^234 £12 = ^134 ^123 (91) 

Let us now consider the global central section / of T _1 = £i3£ 23 1 £i 2 1 and denote by / 124 
(/ 234 , etc.) the global central section of T{^\ (T^J, etc.) obtained as the pull-back of /. 
Consistently with (91) we can require the condition 

/ 124 V12 (/234J = /134 /123 (92) 

where, following the notation of (27), <Pi 2 (f 2 3^) is the section of T 23 l that in any open 
U C Y^ equals S\ 2 f 23A Si 2 where S\ 2 : U — > £12 is any section of £i 2 , in particular we 
can choose s 12 to be the pull-back of a section s of £. 

Definition 11. A Bundle gerbe Q is the quadruple (£,Y, M, f) where the H principal 
bibundle on Y^, £\ 2 £ 23 £^ 3 is trivial and f is a global central section of (£i 2 £ 23 ^i^ 1 ) 1 
that satisfies (92). 

Recall that when H has trivial centre then the section / of T _1 is unique; it then follows 
that relation (92) is automatically satisfied because the bundle on the l.h.s. and the bundle 
on the r.h.s. of (91) admit just one global central section, respectively / 124 (p l2 (f 2 34) 
and / 134 / 123 . Therefore, if H has trivial centre, a bundle gerbe Q is simply the triple 
(£,Y, M), where £^£23 £^ is trivial. 

Consider an H principal bibundle N over Z an let M\ = p*(N), M 2 = p 2 {N), be 
the pull-back of N obtained respectively from p\ : Z^ — > Z and p 2 : Z^ — > Z (pi 
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projects on the first component, p 2 on the second). If (£, Z, M, f) is a bundle gerbe also 
(j\fi£J\f 2 1 ,Z,M,ip 1 (f)) is a bundle gerbe. Here (fi(f) is the canonical global central 
section of the bibundle JViT^JV^ 1 and now Afi is the pull-back of N via p\ : Z® -> Z: 
locally <fii(f) = Sxfs^ 1 where s x is the pull-back of any local section s of N. Similarly 
also (rj£, Z, M, £^ f ¥12(^23) ^12) is a bundle gerbe if n -1 is a trivial bundle on Z^ with 
global central section £ (as usual ¥'12(^23) denotes the canonical section of SuV^i^n)- 
This observations lead to the following definition [36] 

Definition 12. Two bundle gerbes Q = (£, Y, M, f) and Q' = (£', Y', M, f) are stably 
isomorphic if there exists a bibundle M over Z = Y x M Y' and a trivial bibundle n _1 over 
Z^ 1 with section £ such that 

M iq '*£' M 2 l = r]q*S (93) 

and 

<Pi(ff)=i£rf<pAtn)ti2 (94) 
where q*£ and q'*S' are the pull-back bundles relative to the projections q : Z' 2 ' — > Y^ 
and q' : Z^ — > Y'^. Similarly q'*f' and q*f are the pull-back sections relative to the 
projections q : Z® -> Y® and q' : Z® -> Y'W. 

The relation of stable isomorphism is an equivalence relation. 

The bundle gerbe (£, Y, M, f) is called trivial if it is stably isomorphic to the trivial 
bundle gerbe (Y x H,Y,M, 1); we thus have that £ and J\f{ l M 2 are isomorphic as H- 
bibundles, i.e. 

£ ~ A/fWs (95) 
and that / = (p^ 1 (£^ £ 2 ^£i 2 ) where £ is the global central section of = J\f 2 £~ 1 J\fi 1 . 

Proposition 13. Consider a bundle gerbe Q = (£, Y, M, f ) with submersion p : Y — > M; 
a new submersion p' : Y' — > M and a (smooth) map o : Y' — > F compatible with p and 
p' (i.e. p o cr = ^7ie pull-back bundle gerbe a*Q (with obvious abuse of notation) 
is given by (a*£,Y' , M,a*f). We have that the bundle gerbes Q and a*Q are stably 
equivalent. 

Proof. Consider the following identity on Y^\ 

£ lv £ V2 ,£-y = i] 12 £ 12 (96) 

where n 12 = Tn'2' ^22' so that has section £ 12 = / 122'/ 11' 2' i the labelling 1,1', 2, 2' 
instead of 1,2,3,4 is just a convention. Multiplying three times (96) we obtain the 
following identity between trivial bundles on Y^ £\y Ty 2 / 3 i £^, = r\\ 2 £\ 2 ri2z£ : [ 2 ^\23f]\z ■ 
The sections of (the inverses of) these bundles satisfy 

thus £\i 2 i and £\ 2 give stably equivalent bundle gerbes. Next we pull-back the bundles 
in (96) using (id, a, id, a) : Z^ — > Y^ where Z = Y x« Y'\ recalling that the product 
commutes with the pull-back we obtain relation (93) with 77 = (id,a,id,a)*r]\ 2 and iV = 
(id, a)*£. We also pull-back (97) with (id, a, id, a, id, a) : — ► Y^ and obtain formula 
(94). - ^ 

Theorem 14. Locally a bundle gerbe is always trivial: Vi 6 M there is an open O of x 
such that the bundle gerbe restricted to O is stably isomorphic to the trivial bundle gerbe 



19 



(Y\ [ o ] x H,Y\ ,0, 1). Here Y\ is Y restricted to O: Y\ = {y G Y \ p(y) G O C M}. 

f3l 

Moreover in any sufficiently small open U ofY\ one has 

f = s'^s'-'s^ 1 (98) 

with s^jS'^ 1 and s" 3 respectively sections of £^ 2 , £ 23 and £ 13 that are pull-backs of 
sections of £ . 

Proof. Choose OcM such that there exists a section o : O — > Y\q. Define the maps 

r M : Yff - Y\^ +1] 

(Vl, ■ ■ ■ Vn) >-»• (yi, ■■■Vn, <7(p(Vn))) 

notice that a(p(yi)) = a(p(y 2 )) . . . = a(p(y n )). It is easy to check the following equalities 

[21 

between maps on Y[ \ p 12 o q 2 ] = id , p 13 o ry 2 \ = qi] o p : , p 23 ° H2] = Hi] P2 , and 
between maps on Y\^q 

P123 ° r[ 3 ] = id , P124 r[ 3 ] = r [2 ] o p 12 , p 234 r [3] = r [2 ] o p 23 , P134 q 3 ] = r [2] o p 13 . (99) 

We now pull back with rp] the identity £ i2 = T£ 13 £ 23 and obtain the following local 
trivialization of £ 

where A/i = p*(iV), M = p 2 (N) and iV = rj\j(5). Let U = Ux Q U'x Q U" C Y\ [ § where 
[/, U', U" are opens of Y\o that respectively admit the sections n : [/ — > iV, n' : U' N, 
n" : U" — > iV. Consider the local sections s = r^(/ _1 )nin 2 _1 : U x G [/' — > £, 

s' = r^if-^nWr 1 ■ u ' x o u " ~+ s " = ^(/"Vi™"" 1 : f 7 " £ and 

pull them back to local sections s 12 of £ i2 , s' 23 of £ 23 and s" 3 of £13. Then (98) holds 
because, using (99), the product s'^s'^ 1 s± 2 equals the pull-back with r[ 3 ] of the section 

/r 3 4/l24^12(/234) = /l23 [Cf- (92)]. ' ' □ 

Local description. 

Locally we have the following description of a bundle gerbe; we choose an atlas of charts 
for the bundle £ on Y^ 2 \ i.e. sections t l : tl l — > £ relative to a trivializing covering 
{U 1 } of y' 2 '. We write £ = {h 1 ^,^ 1 }. We choose also atlases for the pull-back bundles 
£12, £23, £13; we write £ i2 = {h\ J 2 , ip\ 2 }, £ 23 = {h l 2 J 3 , ip l 23 } , £ 13 = {ti? 3 ,<p\ 3 }, where these 
atlases are relative to a common trivializing covering {U 1 } of Y^. It then follows that 
T = {f' l f j 1 , Adp} where {f l ~ 1 } are the local representatives for the section f 1 of T. 
We also consider atlases for the bundles on Y^ that are relative to a common trivializing 
covering {U 1 } of Y^ (with abuse of notation we denote with the same index i all these 
different coverings 1 ). Then (89), that we rewrite as £\ 2 £ 23 = T£± 3 , reads 

h?M 2 (hg) = fXif- 1 , y?i 2 o ri 3 = Ad fi o ^3 (100) 



1 An explicit construction is for example obtained pulling back the atlas of £ to the pull-back bundles on 
y[ 3 l and on Y^. The sections t % : U l —* £ induce the associated sections t\ 2 = Pi2(* 4 ) : M12 ~ * ^12 where 
P12 : r [3] F [2] and Wj 2 ee p^(U l ). We then have 5 12 = {h%,<p\ 2 } with = pt 2 (h ij ), (p\ 2 = p\ 2 {^). 
Similarly for £13, £ 23 . The covering given by the opens U 1 = U u 1 = U[ 2 H U 23 fl W{ 3 can then be 
used for a common trivialization of the £12, £13 and £23 bundles; the respective sections are t\ 2 — t\ 2 \ uI , 
t 23 = t 2 s\ uI , t[ 3 = t\ 3 \ uI ; similarly for the transition functions h[ 2 , h 23 , h[ 3 and for ip[ 2 , (p 23 , ip[ 3 . In U 1 
wc then have f^ 1 = f 1 1 t[ 2 t 23 ti 3 1 • 
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and relation (92) reads 

^(/D/k = /k/k • (ioi) 

Bundles and local data on M . 

Up to equivalence under stable isomorphisms, there is an alternative geometric description 
of bundle gerbes, in terms of bundles on M. Consider the sections a a : O a — > Y, relative 
to a covering {O a } of M and consider also the induced sections (<r a ,crp) : O a p — > Y^, 
(a a , op, <7 7 ) : O a p^ — > y' 3 l Denote by £ a/ 3, 7^g 7 the pull-back of the 77-bibundles £ and 
T via (<7 a , Op) and (cr a , cr^, <7 7 ). Denote also by / Q( g 7 the pull-back of the section /. Then, 
following Hitchin description of abelian gerbes, 



Definition 15. A gerbe is a collection {£ a p} of H principal bibundles £ a p on each 0, 



a/3 

such that on the triple intersections O a p 1 the product bundles £ a p£py£~* are trivial, and 
such that on the quadruple intersections O a p 1& we have fapsVapifpys) = faysfap-y ■ 

We also define two gerbes, given respectively by {£' a p} and {£ a p} (we can always 
consider a common covering {O a } of M), to be stably equivalent if there exist bibundles 
M a and trivial bibundles rj a p with (global central) sections £~p such that 

N a £' a pMp l = T)ap£aP , (102) 
tPaif'afh) = CrVo^Va)}^)^ ■ (103) 

A local description of the £ a p bundles in terms of the local data (100), (101) can be 
given considering the refinement {O l a } of the {O a } cover of M such that (o~ a , cr /3)(0^ a ) C 
U ij C F [2] , the refinement {0^} such that (a a , ap, ^(O^) C U ijk C F [3] , and similarly 
for yW. We can then define the local data on M 

Kp :0%^H <p a p ■ °U "> Aut ( H ) 

Kp = h 12 ° (<*<*, <T{i) V a p = ¥>1 2 ° K> °~ p) (1° 4 ) 

and 

/a/3 7 = f ° ((Ta,(T/3,(7 7 ) • (105) 

It follows that £ a/3 = {h%p,<p l a p} and 7^ 7 = {f a/3j fifa,Ad f , a }. Moreover relations 
(100), (101) imply the relations between local data on M 

h%vUh%) = f alh h%f£ , (106) 

vip ° $J 7 = O ^ , <p ap (f^ s )r aps = PafrfayS ■ (107) 

We say that (107) define a nonabelian Cech 2-cocycle. From (102), (103) we see that two 
sets {hgp, ip^p, fifo}, {ti^p, (ffcp, fSfr} of local data on M are stably isomorphic if 

hWJh%) ^%^'\h l i) = tpKpt;' , (108) 

& ° v'ip o = Ad ^u ° ^ ' (109) 

MUr) = ^UWpA? > (no) 

here jV Q = y?J , ^ = V^/J and rj a p = {t a pl 3 a p~\ M^}. 
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We now compare the gerbe {Sap} obtained from a bundle gerbe Q using the sections 
a a '■ O a — > Y to the gerbe {£' a g} obtained from Q using a different choice of sections 

c'a '■ O a — > Y. We first pull back the bundles in (96) using (a a , <j' a , crp, cr'g) : O a p — > 
recalling that the product commutes with the pull-back we obtain the following relation 
between bundles respectively on O a , O a p, Op and on O a p, O a p , 

here jV q equals the pull-back of £u> with (a a , a' a ) : O a — > Y^. We then pull back (97) 
with (cr a , (J^, (7/j, <J^, (T 7 , cr^,) : Q/ 3 7 — > and obtain formula (103). Thus {£,^3} and 
{S a p} are stably equivalent gerbes. We have therefore shown that the equivalence class of 
a gerbe (defined as a collection of bundles on O a p C M) is independent from the choice 
of sections a a '■ O a ^ Y used to obtain it as pull-back from a bundle gerbe. 

It is now easy to prove that equivalence classes of bundle gerbes are in one to one 
correspondence with equivalence classes of gerbes {£ a p}, and therefore with equivalence 
classes of local data on M. First of all we observe that a bundle gerbe Q and its pull-back 
o*Q = (a*£, Y', M, a*f) (cf. Theorem 13) give the same gerbe {£ a p} if we use the sections 
v'a '■ Oa —> Y' for o*Q and the sections a o a' a : O a — > Y for Q. It then follows that 
two stably equivalent bundle gerbes give two stably equivalent gerbes. In order to prove 
the converse we associate to each gerbe {£ a p} a bundle gerbe and then we prove that 
on equivalence classes this operation is the inverse of the operation Q — > {£ a p}- Given 
{S a p} w e consider Y = UO a , the disjoint union of the opens O a C M, with projection 
p(x, a) = x. Then is the disjoint union of the opens O a p, i.e. Y^ = UO a p = LiO a ,p, 
where O a ,p = {(a,(3,x) / x e O a p}, similarly Y^ = UO a p 1 = UO aj/3i7 etc.. We define 8 
such that £\o a = £ap and we define the section f 1 of T = EviZ-izZyz to be given by 
f~ 1 \o a g = fap-,, thus (92) holds. We write (L\£ a p, UO a , M, U/ a/?7 ) for this bundle gerbe. 
If we pull it back with a a '■ O a — > Y, <J a {x) = (x,a) we obtain the initial gerbe {£ a p}- 
In order to conclude the proof we have to show that (L\£ a p, UO a , M, Uf a p) is stably 
isomorphic to the bundle gerbe Q = (£,Y,M, f) if {£ a p} is obtained from Q = (£,Y, M, f) 
and sections a a ■ O a — > Y. This holds because (U£ a p, UO a , M, U/ a/3 ) = cr*^ with 
(7 : UO a -> Y given by cr| 0c( = a a . 

We end this section with a comment on normalization. There is no loss in generality if 
we consider for all a, (3 and for all % 

VL = ^ , f aa p = 1,^ = 1 (HI) 

Indeed first notice from (106) and (107) that < a = Ad f ^ a and <p aa (f aa/3 ) = f aaa so that 
faap = faaalo - Now, if f aaa ^ 1 consider the stably equivalent local data obtained 

from £' af3 = T] a p£ap where r] a p = {i a pf a p\ Ad^} with £ af3 = fi'alo^- From ( 109 ) we 
have (faa = id; from (110) we have f£ a g = 1, it then also follows f^gg = 1. 



5. Nonabelian Gerbes from Groups Extensions 

We here associate a bundle gerbe on the manifold M to every group extension 

l^H^E^G^l (112) 
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and left principal G bundle P over M. We identify G with the coset jj\E so that E is 
a left H principal bundle. E is naturally a bibundle, the right action too is given by the 
group law in E 

e<h = eh = (e/ie _1 )e (113) 

thus (p e (h) = ehe -1 . We denote by r : P' 2 ' — > G, r(pi,p 2 ) = g\ 2 the map that associates 
to any two points pi,p 2 of P that live on the same fiber the unique element g± 2 £ C 
such that pi = gviVi- Let £ = t*(E) be the pull-back of P on P^ 2 \ explicitly E = 
{(Pi,P2;e) I 7r(e) = r(pi,p 2 ) = ^12}- Similarly £ 12 = {(pi,p 2 ,P3; e) | vr(e) = r(pi,p 2 ) = 
#12}, for brevity of notations we set e 12 = ipi,P2,P3] e). Similarly with £ 23 and £\ 3 , while 
e^ 1 is a symbolic notation for a point of 8^. Recalling (15) we have 

(fce)- 1 = (ejfe) - 1 = AT 1 e^ 1 , e^ 1 « 1 /i = fce^ 1 (114) 

where k = e~ 1 he . We now consider the point 

f~ 1 (PuP2,P3) = [ei2,e 23 , (ee')^ 1 ] e S 12 S 2 zS^ (115) 

where the square bracket denotes, as in (12), the equivalence class under the H action 2 . 
Expression (115) is well defined because 7r(ee') = 7r(e)7r(e') = gng23 = #13 the last 
equality following from p 1 = g l2 p 2 , P2 = #23^3 , Pi = #13^3 • Moreover f(pi,p 2 ,p 3 ) is 
independent from e and e', indeed let e and e' be two other elements of E such that 
7r(e) = 7r(e) , 7r(e') = 7r(e'); then e = /ie, e' = h'e' with h,h' £ H and [ei 2 , e 23 , (ee')^ 1 ] = 
[/iei2, h'e'23, e'~ 1 h'~ 1 e~ 1 h~ 1 ee' (ee')j^ 1 ] = [e± 2 , e' 23 , (ee')^ 1 ]. This shows that (115) defines 
a global section f~ x of T = SyiE^E^ . Using the second relation in (114) we also have 
that / _1 is central so that T is a trivial bibundle. Finally (the inverse of) condition 
(92) is easily seen to hold and we conclude that (£, P, M, /) is a bundle gerbe. It is the 
so-called lifting bundle gerbe. 



6. Bundle Gerbes Modules 

The definition of a module for a nonabelian bundle gerbe is inspired by the abelian 
case [6]. 

Definition 16. Given an H-bundle gerbe (S,Y, M, f), an E-module consists of a triple 
(Q,Z,z) where Q — > Y is a D-H bundle, Z — > Y^ is a trivial D-bibundle and z is a 
global central section of Z~ x such that: 
1) on 

QiS = ZQ 2 (116) 

and moreover 

cp 12 = ill' 1 O o T/V (117) 

ii) (116) is compatible with the bundle gerbe structure of S, i.e. from (116) we have 
QiT = Zi 2 Z 2 %Z^ Qi on Y^ and we require that 

223Z12 = «ia€i(/) ( 118 ) 

holds true. 



2 It can be shown that a realization of the equivalence class [ei2, e 23 ] £ ^12^23 is given by (j>i,P2,P3', ee') 
where ee' is just the product in E. (We won't use this property). 
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Remark 17. Let us note that the pair (Z, z x ) and the pair (T, / l ) in the above definition 
give the isomorphisms 

z:Q 1 £^Q 2 , /:£i 2 £ 2 3^£i3 (119) 

respectively of D-H bundles on and of bibundles on Y^. Condition ii) in Definition 
16 is then equivalent to the commutativity of the following diagram 



Q1S12S23 <2i£i3 



212 idz 



Z13 



(120) 



62^23 — Q 
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Definition 18. We call two bundle gerbe modules (Q,Z,z) and (Q',Z',z') (with the 
same crossed module structure) equivalent if: 

i) Q and Q' are isomorphic as D-H bundles; we write Q = XQ' where the D-bibundle I 
has global central section i^ 1 and i\) = % o ijj' 

ii) the global central sections z, z' and i^ 1 satisfy the condition z' 12 = *2 lz i2*i- 

Let us now assume that we have two stably equivalent bundle gerbes (£, Y, M, f) and 
(£',Y',M,f) with Y' = Y. We have [cf. (93), (94)] ?? 12 £ 12 = A/l^W" 1 and cp^f) = 
£13 f<P 12(^23) £12 ■ Let Q be an ^-module and X a trivial D-bibundle with a global central 
section i -1 . It is trivial to check that TQM is an ^'-module with Z' 12 = li^^^Z^X^ 1 
and z' 12 = « 2 lz i2^(^i2)*i- It is now easy to compare modules of stably equivalent gerbes 
that in general have Y 7^ Y' . 

Proposition 19. Stably equivalent gerbes have the same equivalence classes of modules. 

Now we give the description of bundle gerbes modules in terms of local data on M. 
Let {EE af3 } be a gerbe in the sense of definition 15. 

Definition 20. A module for the gerbe {£ a /3} is given by a collection {Q a } of D- 
H bundles such that on double intersections O a p there exist trivial D-bibundles Z a p, 
Qa£-ap = ZapQp, with global central sections z a p of Z~^ such that on triple intersections 

zp~ t z a p = z a ^ a (f a ^) (121) 

and on double intersections O a p 

^ = C lo ^°^ (122) 

Canonical module. 

For each //-bundle gerbe (£, Y, M, f) we have a canonical £ -module associated with it; 
it is constructed as follows. As a left if) -bundle the canonical module is simply the 
trivial bundle over Y. The right action of H is given by the canonical homomorphism 
Ad: H — > Aut(H). For (y, 77) G YxAut(H) we have €(y tV )(h) = r]oAd h ori~ l = Ad^and 
tf> {y , n) (h) =r](h). The Aut(H)-H bundle morphism z : (Y x Aut(H))i£ — > (Y x Aut{H)) 2 
is given in the following way. A generic element of (Y x Aut(H))i£ is of the form 
[{ViU'i (UiV))' 6 } where 77 G Aut(H), (y,y') G F^and e G £ such that p\ o p(e) = y and 
P2 o p(e) = y' . Here p is the projection p : £ — > Y^. We set 

z([(y, y', (y, v)), e]) = (y, y', (y 1 , v <p e ))- 
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The commutativity of diagram (120) is equivalent to the following statement 

V ° V/[ci,e a ] = V ° V ei ° Ve 2 

and this is a consequence of the isomorphism of P-bibundles 

/ : ^12^23 —> £l3- 

We have 

f([ei,e 2 ]h) = (f[e 1 ,e 2 \)h, 

but we also have 

f([e u e 2 )]h) = f(cp ei ocp e2 (h)[ ei ,e 2 ]) = <p ei o <p e2 (h) f {[e^ e 2 ]). 
On the other hand we can write 

(f[e 1 ,e 2 ])h = ¥>/[e 1)C2 ](>0/[ei,e2]. 

Hence 

V/[ei,e 2 ](>0 = Vei 0( ^e 2 W 

and the commutativity of diagram (120) follows. We denote the canonical module as can 
in the following. 

In the case of a bundle gerbe £ associated with the lifting of a G-principal bundle P, 
as described in Section 5, we have another natural module. We follow the notation of 
Section 5. In the exact sequence of groups (112) 

1 -> H -> P A G -> 1 , 

P is a normal subgroup. This gives the group H the structure of a crossed P-module. 

The ^-module Q is simply the trivial E-H bundle P x E — > P. The P-P bundle 
morphims z' : <2i£ — > Q2 is given by (recall pi = 7r(e)p2) 

z'[(pi,P2, (pi,e), (pi,P2,e)] = (Pi,P2, (P2,ee)), 

which of course is compatible with the bundle gerbe structure of S. Due to the exact 
sequence (112) we do have a homomorphism E — > Aut(H) and hence we have a map 

t : Y x P -> y x Aut(H), 

which is a morphism between the modules compatible with the module structures, i.e. 
the following diagram is commutative 

Qi£i2 > Q2 

t t 

can 1^12 — can 2 

More generally given any bundle gerbe £ and an ^-module Q we have the trivial Aut(H)- 
H bundle Aut(H) x^> Q (see Section 2). This gives a morphism t : Q 1— > can. 

Now suppose that the bundle gerbe £ is trivialized (stably equivalent to a trivial bundle 
gerbe) by E\ 2 ~ M{ l M 2 with A/" an P-bibundle on Y, hence a ^-module satisfies 



(123) 
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hence 

Q 2 N 2 1 ~ QiA/f 1 J124) 
It easily follows from (124) that QAf' 1 -> F gives descent data for a D-H bundle Q over 
M. Conversely given a D-iJ bundle Q — > M the bundle p*(Q)J\f is a ^-module. This 
proves the following 

Proposition 21. For a trivial bundle gerbe (S,Y, M, f) the category of S -modules is 
equivalent to the category of D-H bundles over the base space M. 



7. Bundle Gerbe Connections 

Definition 22. A bundle gerbe connection on a bundle gerbe (8, F, M, f) is a 2-connection 
(a, A) on 8 — > F' 2 l such that 

ai2+a 23 = /*ai 3 , (125) 

or which is the same 

a 12 +a 23 +a r 13 =T 1 d7 + T Al (T 1 ) (126) 

/io/<is true. 

In the last equation / 1 is the bi-equivariant map / : T — > associated with the 
global central section / _1 of T. Moreover we used that (a r , A") is a right 2-connection 
on 8 and a left 2-connection on 8~ x [cf. (15)]. 

Remark 23. It follows from (125) that for a bundle gerbe connection A i2 = A± 3 must be 
satisfied, hence A is a pull-back via pi on F' 2 ' of a one form defined on F. We can set 
Ai = A u = Ai 3 . Definition 21 contains implicitly the requirement that (012,^23) are 
summable, which means that A\ = A 2 . More explicitly (see (53)): 

Ai + ad ai2 = (fi 2 A 2 (fi 2 + ifi 2 dip^ 2 . (127) 

The afline sum of bundle gerbe connections is again a bundle gerbe connection. This 
is a consequence of the following afline property for sums of 2-connection. If on the 
bibundles E\ and E 2 we have two couples of summable connections (ai,a 2 ), (a[,a 2 ), 
then Acti + (1 — A)a' x is summable to \a 2 + (1 — \)a 2 and the sum is given by 

(Aai + (1 - A)a;) + (Aa 2 + (1 - A)o' 2 ) = A( ai +a 2 ) + (1 - A)(a' 1 +a , 2 ) . (128) 

We have the following theorem: 

Theorem 24. There exists a bundle gerbe connection (a, A) on each bundle gerbe (8, F, M, /). 

Proof. Let us assume for the moment the bundle gerbe to be trivial, 8 = J\f^ 1 ZJ\f 2 with 
a bibundle M — > F and a trivial bibundle Z — > F' 2 ' with global central section z~ l . 
Consider on Z the 2-connection (ex., A), where the Lie(A-ut(i/))-valued one-form A on F 
is the pull-back of a one- form on M. Here a: is canonically determined by A and z~ L , 
we have a = z~ x dz + T^z^ 1 ). Next consider on Af an arbitrary 2-connection (a, A). 
Since A is the pull-back of a one form on M we have that the sum a = a[-\-OL-\-a 2 
is well defined and that (a, A = A r ) is a 2-connection on £. Notice that under the 
canonical identification Z\ 2 N 2 N 2 x Z 2 j, = Zi 2 Z 23 we have the canonical identification 
oti 2 J ra 2 J rd 2 -\-cx. 23 = 0:12+0:23. The point here is that M 2 M 2 l has the canonical section 
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1 = [n, n^ 1 ], n E A/2, and that a 2 -\-a r 2 = ldl^ 1 + T A {1) independently from a 2 . Then 
from £ = M{ l ZJ\f 2 we have SviS^S^ = A/"^ 1 Z V2 Z 23> Z^ A/i and for the connections we 
have 

ai2+a 23 +< 3 = ai + a;i2+a23+al3+«i • ( 129 ) 

We want to prove that the r.h.s. of this equation equals the canonical 2-connection 
/ df + Ta 1 (/ ) associated with the trivial bundle T with section f 1 . We first ob- 
serve that a similar property holds for the sections of Zi 2 Z 23 Z^ and of T: f 1 = 
ifi ] l (zi 2 z 2 l Zi 3 ) = rii 1 zj" 2 1 z 2 "3 1 2 13 n 1 independently from the local section n x of A/i. Then 
one can explicitly check that this relation implies the relation di+Oi2+o 2 3+oi 3 +di = 

/ df + Taj ( / ) . This proves the validity of the theorem in the case of a trivial bundle 
gerbe. According to Theorem 14 any gerbe is locally trivial, so we can use the affine 
property of bundle gerbe connections and a partition of unity subordinate to the covering 
{O a } of M to extend the proof to arbitrary bundle gerbes. □ 



A natural question arises: can we construct a connection on the bundle gerbe (£, Y, M, f) 
starting with: 

• its nonabelian Cech cocycle / : T — > H, ip : E x H — > H 

• sections a a : O a — > Y 

• a partition of unity {p a } subordinate to the covering {O a } of M? 

The answer is positive. Let us describe the construction. First we use the local sections 
a a to map Y\ [ q[ to Y [3] via the map ri 2] : [y,y'\ ^ [a a (x),y,y f ], where p(y) = p(y') = x, 
similarly : Y\$ — > F^. Next let us introduce the following if- valued one form a 

a = X)^?W(/dr 1 ) • (130) 

a 

We easily find that 

l h *a = Ad h a + P llhJ2 Pad 11 W <^(^ 1 ) 

V a 

The Lie(Aut(i/))-valued 1-form X] Q Pa r ^ ^p' 1 dip is, due to (5), well defined on F. We 
set 

A = J2p«r [ Sv~ 1 dv-d (131) 

for the sought Lie(Aut(iJ))-valued 1-form on Y. Using the cocycle property of / and <p 
we easily have 

Proposition 25. Formulas (130) and (131) give a bundle gerbe connection. 

Using (88) we obtain that the 2-curvature (k, K) of the bundle gerbe 2-connection 
(a, A) satisfies 

fci2+fc23+fci 3 = T Kl (7 _1 ) . (132) 
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Connection on a lifting bundle gerbe. 

Let us now consider the example of a lifting bundle gerbe associated with an exact 
sequence of groups (112) and a G-principal bundle P — > M on M. In this case, for 
any given connection A on P we can construct a connection on the lifting bundle gerbe. 
Let us choose a section s : Lie(G) — ►Lie(.E'); i.e a linear map such that n o s — id. We 
first define A = s(A) and then consider the Lie(E) valued one-forms on given by 
A 1 = p\s{A) and A 2 = p 2 s(A), were pi and ]?2 are respectively the projections onto the 
first and second factor of P^. We next consider the one- form a on £ that on (pi,p 2 ; e) E £ 
is given by 

a = eA 2 e~ l + ede' 1 - A x , (133) 

here A\ = p*{A 1 ) and A 2 = p*(A 2 ), with p : £ — > Pl 2 l It is easy to see that 7r*a = and 
that therefore a is Lie(if ) valued; moreover (a, ad^) is a 2-connection on £. Recalling 
that on £ we have ip^ pi p2 . e \ = Ad e , it is now a straightforward check left to the reader to 
show that (a, aoU) is a connection on the lifting bundle gerbe. 

Connection on a module. 

Let us start discussing the case of the canonical module can = Aut(H) x Y (see Section 
6). Let (a, A) be a connection on our bundle gerbe (£, Y, M, /). The Lie (Aut (H))- valued 
one-form AonY lifts canonically to the connection A on can defined, forall (n, y) G can, 
by A = r\Arf x + r\drf x . Let us consider the following diagram 

cam ®£ W2 > £ (134) 

cani can\£ — ^ can 2 • 

As in the case of the bundle gerbe connection we can consider whether the Lie(Aut(H))- 
valued one-form A\ +$,{a) that lives on can\ ®£ is the pull-back under 7r e of a one-form 
connection on can\£. If this is the case then we say that A\ and a are summable and 
we denote by A\-\-ad a the resulting connection on can x £. Let us recall that on can we 
have Gfay) = Ado ip^ y ^ with tf)^^(h) = n(h). It is now easy to check that A\ and a 

are summable and that their sum equals the pull-back under z of the connection A 2 ; in 
formulae 

Ai+ada = z*A 2 . (135) 

We also have that equality (135) is equivalent to the summability condition (127) for 
the bundle gerbe connection a. Thus (135) is a new interpretation of the summability 
condition (127). 

We now discuss connections on an arbitrary module (Q, Z, z) associated with a bundle 
gerbe (£, Y, M, f) with connection (a, A). There are two natural requirements that a left 
connection A D on the left P-bundle Q has to satisfy in order to be a module connection. 
The first one is that the induced connection A D on Aut(H) x D Q has to be equal (under 
the isomorphism a) to the connection A of can. This condition reads 

A D = il>Ail>- 1 + ipdi>- 1 , (136) 

where in the l.h.s. A D is tought to be Lie(Aut(H)) valued. In other words on Y we 
require <j*A d = A, where a is the global section of Aut(H) Q. 
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Next consider the diagram 

Qi®£^^£ (137) 

Qi QiS — ^ 0,2 ■ 

We denote by Af-\-a(a) the well defined D-connection on Qi£ that pulled back on Qi®£ 
equals 7r*^4f + £(ir%a). It is not difficult to see that Af is indeed summable to a if forall 
h E H , a{Tj^D(h)) = cn(T^^-i + ^ d ^-i(h)). This summability condition is thus implied by 
(136). The second requirement that A D has to satify in order to be a module connection 
is 

Af +a(a) = z*A? . (138) 

These conditions imply the summability condition (127) for the bundle gerbe connection 
a. 

Concerning the D-valued curvature KP = dA D + A D A A D we have 

K?+a(k a ) = z\ 2 K% . (139) 

In terms of local data a gerbe connection consists of a collection of local 2-connections 
(a a p, A a ) on the local bibundles £ a p — > O a p. For simplicity we assume the covering 
{O a } to be a good one. The explicit relations that the local maps f a p^ : O a p y — > H, 
<^a/3 '■ O a/ 3 — > Aut(H) and the local representatives A a , K a , a a p and k a p (forms on O a , 
O a p, etc.) satisfy are 

faP-yfayS = Papifpys) fa/38 , (140) 
VapVPy = Adf a/}7 (p al , (141) 
a a p + <p a p(apj) = fafaUayfafa + fa/3", d f~p\ + T Aa (f a 0y) , (142) 

A a + ad aaf3 = ip a pAp(p~^ + Va p d p~p , (143) 

k a p + (fapikp^) = f a pyk ai f~^ + T Ka (f a p 7 ) (144) 

and 

K a + ad ka(i = (p a pKp(f~^ . (145) 




8. Curving 

In this section we introduce the curving two form b. This is achieved considering a 
gerbe stably equivalent to (£,Y, M, f). The resulting equivariant H- valued 3-form h is 
then shown to be given in terms of a form on Y . This description applies equally well to 
the abelian case; there one can however impose an extra condition [namely the vanishing 
of (147)]. We also give an explicit general construction of the curving b in terms of a 
partition of unity. This construction depends only on the partition of unity, and in the 
abelian case it naturally reduces to the usual one that automatically encodes the vanishing 
of (147). 
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Consider a bundle gerbe (£, Y, M, f) with connection (a, A) and curvature (k a , K A ) 
and an if-bibundle Af ^ Y with a 2-connection (c, A). Then we have a stably equivalent 
gerbe (Af± 1 £Af 2 ,Y,M,(pi 1 (f)) with connection (0,A ri ) given by 

= c r 1 1 +a+c 2 . (146) 

Also we can consider a A^-equivariant horizontal 2-form b on A/". Again on the bibundle 
Afi 1 £Af 2 — > 5^ 2 ' we get a well defined iV^ 1 -equivariant horizontal 2-form 

S = b?+k a +b 2 . (147) 

Contrary to the abelian case we cannot achieve 6 = 0, unless Ka is inner (remember <5 is 
always K r A x -equivariant). Next we consider the equivariant horizontal H- valued 3-form h 
on Af given by 

h = D c b. (148) 
Because of the Bianchi identity dK^ + [A, Ka] = this is indeed an equivariant form on 
Af. Obviously the horizontal form y> _1 (/i) is invariant under the left if-action 

l h *tp-\h) = tp-\h) (149) 

and therefore it projects to a well defined form on Y. 

Using now the property of the covariant derivative (86) and the Bianchi identity (68) 
we can write 

h[+h 2 = D e d. (150) 

Finally from (72) we get the Bianchi identity for h 

D c h=[k c ,b]+T KA (k c )-T KA (b). (151) 

For the rest of this section we consider the special case where Af is a trivial bibundle 
with global central section a and with 2-connection given by (c, A), where c is canonically 
given by a, 

c = ada^ 1 + Ta(<j) ■ 

Since the only if-bibundle Af — > Y that we can canonically associate to a generic bundle 
gerbe is the trivial one (see Proposition 7), the special case where Af is trivial seems quite 
a natural case. 

In terms of local data curving is a collection {b a } of A^-equivariant horizontal two 
forms on trivial ff-bibundles O a x H — > O a . Again we assume the covering O a to be a 
good one and write out explicitly the relations to which the local representatives of b a 



and h a (forms on O a ) are subject: 

Kp + ¥ap(bp) = b a + 5 a(3 , (152) 

u a = K a -ad ba , (154) 

K = db a -T Aa (b a ) , (155) 

¥ap{hp) = K + d5 a /3 + [a a p, 8 a p] + T Ka (a a p) - T Aa {^p) (156) 
and the Bianchi identity 

dh a + T KA (b a ) = 0. (157) 



Here we introduced 8 a p = (p a (5 al3 ) . Equations (140)-(145) and (152)-(157) are the same 
as those listed after Theorem 10.1 in [26]. 

We now consider the case Y = L\O a ; this up to stable equivalence is always doable. 
Given a partition of unity {p a } subordinate to the covering {O a } of M, we have a natural 
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choice for the iJ-valued curving 2-form b on UO a x H . It is the pull-back under the 
projection L\O a x H — > UO Q of the 2-form 

uJ^Ppkafs (158) 

on Y = UO a . In this case we have for the local H- valued 2-forms 5 af 3 the following 
expression 

8 a/3 — P-yifap-ykg-yfatf-y ~ ^a-/ + Tx a {fap-y)) 

7 

= ^AyC 5 */* + Vapi.k^) ~ kary) . (159) 

7 

We can now use Proposition 25 together with (158) in order to explicitly construct from 
the Cech cocycle (f,<p) an H- valued 3-form h. 

We conclude this final section by grouping together the global cocycle formulae that 
imply all the local expressions (140)-(145) and (152)-(157), 



/l24 ¥ ? 12(/234) _ /l34 /l23 ' (92) 

ai2 + «23 = /*Ol3 , (125) 

* = 6?+fc +62, (147) 

h = D c b . (148) 
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